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Abstract: 
In this investigation an effort is made to 
indirectly predict the dimensionless forces 
along inclined (angle φ, with 0˚≤φ≤8˚) 
hydraulic jumps over a gradual floor rise 
within a rectangular open channel. A 
comparison of these forces is also attempted 
with corresponding forces from an abrupt 
step floor rise, a multistepped floor rise and 
a thin wall (plate or sill) perpendicular to the 
channel floor. This indirect force prediction is 
based on the jumps’ water weight component 
along the flow, the total pressure force at 
both ends of the system, and the momentum 
changes at these ends, all combined in the 
onedimensional momentum equation along 
the flow. The results of this study may be 
useful to both, hydraulic and construction 
engineers.
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1. Introduction
A considerable hydraulic problem concerns 

the forces developed along various hydraulic 
structures within rectangular inclined open 
channels, the effects from which are interesting 
for  both, hydraulic and structural engineers.
Fig. 1 schematically presents the water flow 

over a gradual (45˚) floor rise within an inclined 

(angle φ, slope Jo=sinφ) rectangular open 
channel. The flow is shifted and stabilized over 
a higher floor, rised at a distance w and parallel 
to the initial floor direction. The shape of the 
front face is smooth (actually it is a ramp), 
where from this form it may predicted that all 
flow quantities will be smaller than from other 
front face forms, for example of an abrupt step. 
Actually the front face in Fig. 1 makes the entire 
turbulent flow more hydrodynamic, i.e. with 
smaller flow depths and forces exercised by this 
structure (from front and channel boundaries).
The entire flow is developed between cross 

sections 1 (water depth, d1 or h1 ) – in which 
the flow is supercritical (and uniform) with a 
Froude number (q=discharge per unit channel                  
width)      Fr1=q·g-1/2·  (>1),                                                 
– and (also uniform flow) cross section 2, with 

a water depth  d’2 and a total depth h’2= d’2 +w 
. Between cross section 1 and 2, another (non 
nuniform flow) cross section, m, includes the 
maximum total depth, hm=dm+w, at a distance xm 
from section 1, while section 2 lies at a distance 
x’m from section m. In some cases (mainly for 
larger angles φ) an air pocket is formed just 
downwards point B.
Between sections 1 and m the water free surface 

profile is ascending  from d1 (h1) to hm, and any 
of its points may determined from a suitable 
equation, h=h (h1, hm, Fr1,xm, x and w). The stable 
mean shape of this free surface reminds of the 
usual (full or classical) hydraulic jump, and this 
is why the entire flow may called “hydraulic 
jump over a gradual floor rise”. Although, the 
total flow phenomenon is more complicated, 
since it is followed by a descending water free 
surface profile, with an equation and h’=h’ 
( hm , h’2, Fr1,x’m, x’ and w) until cross section 

2 – where all   and   include w. Actually, the 
entire structure acts as an elementary stilling 
basin stabilizing this hydraulic jump
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Figure 1. Flow characteristics over a gradual rise.

From the front face of the rise a force Nx is 
exercised, while from the channel boundaries 
a shear stress force Fx is exerted, both in an 
opposite direction to the initial flow direction. 
In the present investigation an effort is made 
to predict the total force, Gx=Nx+Fx, where, if 
Fx is much smaller than Nx, Gx Nx. This effort 
is not directly measured (dynamometer) but 
it is based on the total pressure force on both 
sections 1 and 2, the water weight component 
along the flow and the momentum change 
between sections 1 and 2, all combined in the 
onedimensional momentum equation, i.e. Gx 
is dynamically predicted. Apart from Gx (in 
dimensionless form) for jumps over gradual 
floor rise, a comparison is attempted with the 
dimensionless Gx of the jumps over a thin wall 
(plate or sill) perpendicular to the channel floor, 
over an abrupt step rise and over a multistepped 
rise as well. In all these cases G is considered 
as acting between cross sections 1 and 2, at the 
ends of the inclined flows, and is meant per unit 
channel width.

 

Figure 2. Jump over a thin wall (sill).

Figs. 2, 3, 4 schematically present the flow 
geometries of the jumps over a sill, an abrupt 
step and a multistepped rise correspondingly, to 
which the present jump-over the gradual floor 
rise-is to be compared.

Figure 3. Jump over an abrupt step.

Figure 4. Jump over a multistepped rise.

2. Experimental Measurements
All experiments  for the gradual floor rise 

jumps were performed in a small perspex tilting 
flume,  in various combinations of all pertinent 
parameters, with inclination angles  
φ=0˚-2˚-4˚-6˚-8˚. The main parameters 

varied in the fields, 

€ 

wmax wmin = 2, 

€ 

3 ≤ Fr1 ≤ 9  
,  

€ 

3 ≤ hm h1 ≤17, 

€ 

0.1≤ h1 w ≤ 0.6 , 
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€ 

2.3 ≤ ʹ h 2 h1 ≤ 8.5  and 

€ 

1.3 ≤ hm ʹ h 2 ≤ 2.0  . The 
discharges q were volumetrically measured, a 
large number of h1, h’2 , hm, h, h’, total depths, 
and dm, d’2 actual depths were determined with 
a depth gauge, all  xm, x’m , distances were 
measured as well, while all experimental runs 
were also photographed with a digital camera. 
The upstream supercritical flow was succeeded 
through a suitable sluice gate, while the front 
point A (Fig. 1) was put in various distances 
along the flume in order that the jump would be 
non submerged.

All measurements were undertaken in the JD 
Research Hydrolab.

3. Previous Data
Dimitriou & Demetriou (2011) and Demetriou 

(2010) are presenting a large number of 
measurements concerning the water free surface 
profiles along xm and x’m   for the case of a jump 
over a gradual floor rise, the ratios hm/h1, h’2/ 
h1, hm/ h’2 , and the place of hm along the flow.
The ascending water free surface profile is 

given by the equation
                                                                      (1)
where φ in degrees and 

€ 

x = x xm  .
The descending water free surface profiles 

appear to be angle φ free
                                                                      (2)
where 

€ 

ʹ x = ʹ x ʹ x m
In the case of the ascending water free surface 

profile, for x   = 0 it is  

€ 

h ≅ h1, while for  x  
=1 it is 

€ 

h ≅ hm   . In the case of the descending 
water free surface profile, for 

€ 

ʹ x = 0 it is 

€ 

ʹ h ≅ hm   
, while for 

€ 

ʹ x =1  it is 

€ 

ʹ h = ʹ h 2  . 
The entire area under the total water free 

surface profile along  xm + x’m , is

 

 

 

If the rised solid floor area within the water, 
If the rised solid floor area within the 
water, As,  and the air pocket area, Ap, are 
subtracted, then the entire water area under 
the water free surface profiles is received,                                                                    
At=Ao-(As+Ap),
which gives the respective water weight (per 
unit channel width),
Wt=At·γ,
where γ=water specific weight ( 

€ 

= ρ ⋅ g  ) and 
ρ=water density.
The dimensionless Gx forces for abrupt steps are 

presented by Demetriou (2009), corresponding 
forces for jumps over sills are elaborated by 
Demetriou (2008), while respective forces for 
jumps over a multistepped rise are considered 
by Demetriou (2010), where all results are based 
on the same method.

4. Flow Equations
The basic onedimensional flow equations (per 

unit channel width) are :
(i) The continuity equation along the flow (x,x’),
 ,                           q=V1 . d1 = V1 . d’2,  (3)
(ii) The momentum equation, independently of  

the particular flow details,
        Px+Wt·Jo-Gx=ρ·q2·[(1/d’2)-(1/d1)],(4)

where Px = 0.5.y.[d12 - (d’1)2]  cos φ is the total 
pressure force along the flow.

Introducing λ=d’2/d1 which is also 
experimentally determined here for each run, 
Fr1 and          Wt·Jo=(Kw·|Px|·Jo,
                         Gx=KG·|Px|,
                                                                                  
where Kw and KG are dimensionless weight 

(Wt) and force (Gx) coefficients, Eq. (4) may be 
solved to KG (when Kw is known),

 

(5)
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If w→0 (no step, Nx→0) and Fr1→1 (no jump), 
d1=d2=dm=d, λ=1, Gx=Fx, and    KG=Fx/|Px|=1+ 
Kw·Jo - (1/cosφ) . In this case (uniform flow) 
it is (along any length L)  Fx= γ·R·Jo·Lwhere 
R=hydraulic radius, but since |Px|→0, it is KG →

€ 

∞   
(independently of angle φ).

A similar result is taken when φ→90˚ or Fr1→

€ 

∞  .

Gx (=Nx +Fx)may – in general – be received from 
Eq. (5) as a function of |Px|, Kw (which depends 
on the flow profiles and w), Fr1, λ and angle φ. 
For horizontal channels (Jo=0) and w≠0, Eq. 
(5) is simplified,

KG =       =1-2. Fr1
2.{λ.(λ+1)}-1

which shows that the latter KG is less than KG 
from Eq. (5) – although it appears having a non 
zero value. The last equation gives KG >0 for 

€ 

Fr1 ≤ 0.7 ⋅ λ ⋅ λ +1( )[ ]0.5 .

Gx
|Px|

In general |Px| is rather small, giving 
considerable KG. Gx is mainly depending on the 
water weight component Wt·Jo , while
 Kw /KG = Wt/Gx .
For any jump over a gradual floor rise (and 

the other jumps) the water weight Wt (Kw), the 
total water pressure force, |Px| , and λ, φ, are 
calculated from the experiments and combined 
in Eq. (5), in order to give KG = Gx |Px| , where   
|Px|and λ values may be found (Demetriou 2010) 
for the gradual floor rise.

5. Results. Analysis And Discussion
Figs. 5, 6, 7, 8  and 9 give the dimensionless 

force coefficients KG for the jump over a gradual 
floor rise, as it is produced from the present 
measurements and following calculations, while 
Fig. 10 presents all the KG curves together in a 
single diagram.

Figure 5. KG vs Fr1  for φ=0˚- 8˚.
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Figure 6. KG vs Fr1  for φ=2˚.

Figure 7. KG vs Fr1  for φ=4˚.

      Figure 8. KG vs Fr1  for φ=6˚.                Figure 9. KG vs Fr1  for 0˚≤φ≤8˚.

From these figures it is evident that KG are 
increasing with Fr1, and for Fr1=const. (Fig. 9) 
KG are increasing with angle φ. The various KG-
Fr1-angle φ curves are traced through the points 
which were calculated and are based on the 
various laboratory measurements, while angle 
φ=0˚ gives KG coefficients almost equal to zero. 
Fig. 9 shows that all KG vs Fr1 and angle φ curves 
are systematic and KG may receive high values 
for large angles φ (for Fr1=9 and angle φ=8˚, it 
is KG 

€ 

≅  90). These high values are partly due to 

the low |Px| total pressure forces and partly to the 
large Gx values – mainly because of the weight 
component Wt .Jo .
As a short practical example, for Fr1=5 and φ=2˚ 

it is KG 

€ 

≅  4 (Fig. 9), for same Fr1 and φ=4˚ it is 
KG 

€ 

≅  11 (a percentage increase of about 175%), 
while for same Fr1 and φ=8˚ it is KG 26
(a percentage increase – from corresponding 

value at φ=2˚ - of about 550%). It is rather evident 
that when angle φ is increasing Fx become very 
small compared to Nx and thus KG 

€ 

≅  Nx/|Px|.
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Since it is not easy to directly measure Gx, 
there are no experimental results to compare 
with – especially for larger angles φ. From this 
point of view the above KG results constitute a 
first attempt to approach (Nx+Fx), i.e. the results 
may considered as mainly indicative. Although, 
for practical problems these results may used 
as a first approximation by the hydraulic or 
structural engineers – mainly for the strength 
of the front face of the ramp, and of course it 
is not to be forgotten that Nx is a mean value, 
i.e. it varies in a turbulent way (fluctuations – 
probably producing material fatigue).
Fig. 10 presents a comparison of the present 

KG coefficients (for jumps over a gradual floor 
rise) with corresponding KG values for jumps 
over an abrupt step rise (Demetriou, 2009), 
over a multistepped rise (Demetriou, 2010) 
and over a thin plate (sill) perpendicular to the 
floor (no floor rise), Demetriou (2008). For the 

gradual floor rise only the two KG-Fr1-angle φ 
limiting curves (for φ=2˚ and φ=8˚) are shown 
for reasons of narrow space and of a more clear 
view of this diagram (the rest of the curves are 
presented in Fig. 9). On the other hand no curves 
corresponding to φ=0˚ are shown, since all these 
curves are very close to KG

€ 

≅  0.

Fig. 10 shows that KG coefficients present a 
similar behavior – when referring to the three 
above rises (abrupt step, multistepped front rise 
and gradual rise). It can also be observed that 
in any family of these lines – for same angle φ 
(for example KG curves for the abrupt step rise, 
the multistepped rise and the gradual floor rise) 
– the curves are always appearing in the same 
order (for any Fr1=const.) : highest of all is the 
abrupt step rise KG curve, under this curve lies 
the multistepped rise KG curve, followed by the 
lower gradual floor rise KG curve. 

Figure 10. Comparison of KG vs Fr1  and φ for various jumps.
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The above fact may interpreted in terms of fluid 
mechanics and hydrodynamic bodies: The three 
front faces of the above floor rises – in the above 
order – are more and more hydrodynamic, i.e. 
less hydrodynamic is the abrupt step rise and 
most hydrodynamic is the gradual step rise. Thus 
KG values for abrupt step rises are the biggest, 
KG for gradual floor rises are the smallest, while 
KG values for multistepped rises lie in - between 
the two other KG coefficients.
As far as the thin wall (plate or sill) is concerned, 

KG curves are different than the previous three 
families of floor rises. This is due to the different 
nature of the jump over a sill, which perhaps 
may (mainly) explained from the fact that a 
thin wall perpendicular to the channel floor is 
not accompanied by a floor rise (no supported 
downstream flow) but it appears to present a 
strong wake field behind it, since – although 
its sharp upper edge – it is a totally blunt body 
leading to an unsimilar KG behavior – especially 
for smaller Fr1 values (less than about Fr1

€ 

≅  4). 
For Fr1 values more than Fr1 

€ 

≅  4, corresponding 
curves appear to give comparable KG values (to 
the KG values of the rised floors).
The above comparison concerns four jumps, 

where all flow parameters are quite comparable 
among them.
 
6. Conclusions
In this investigation an effort is made to 

indirectly predict the dimensionless forces 
along inclined jumps (angle φ with 0˚≤φ≤8˚) 
over a gradual floor rise within a rectangular 
open channel. A comparison of  these forces is 
also made with corresponding forces from an 
abrupt step floor rise, a multistepped floor rise 
and a thin wall (plate or sill) perpendicular to 
the inclined channel floor. The main conclusions 
are : 1) The dimensionless force coefficients, 
KG, for the three above floor rises have a similar 
structure. 2) KG are increasing with the Froude 

number (Fr1) and angles φ. 3) For same angle φ, 
any family of three curves (for abrupt step rise 
– multistepped rise – gradual rise) KG appear in 
the same order : highest – intermediate – lowest. 
4) This fact is due to the front form of the 
corresponding rise : less – intermediate – large 
hydrodynamic functions. 5) KG values for jumps 
over thin walls (plates or sills) show a different 
behavior, mainly due to the wake field behind 
them (n˚ supported flow). 6) KG values for angle 
φ=0˚ are quite small. 7) The method followed in 
this study – in order to predict KG- is indirect, 
based on the jump’s water weight component, 
the total pressure force, the momentum change at 
both ends of the system and the onedimensional 
momentum equation along the flow. 8) Since 
no comparison may made with (non existing) 
laboratory measurements (especially for larger 
angles φ) the results are considered as a first 
approximation of the force’s determination. The 
present results may be useful to both, hydraulic 
and construction engineers.
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